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ON N-CIRCLED H∞-DOMAINS OF HOLOMORPHY
Marek Jarnicki (Krako´w), Peter Pflug (Oldenburg)
Abstract. We present various characterizations of n-circled domains of holomor-
phy G ⊂ Cn with respect to some subspaces of H∞(G).
Introduction
We say that a domain G ⊂ Cn is n-circled if (eiθ1z1, . . . , e
iθnzn) ∈ G for arbi-
trary (z1, . . . , zn) ∈ G and (θ1, . . . , θn) ∈ R
n.
Put logG := {(x1, . . . , xn) ∈ R
n : (ex1 , . . . , exn) ∈ G}.
If X ⊂ Rn is a convex domain, then E(X) denotes the largest vector subspace
F ⊂ Rn such that X + F = X .
A vector subspace F ⊂ Rn is said to be of rational type if F spanned by F ∩Zn.
Let L2h(G) := O(G) ∩ L
2(G).
The following results are known (cf. [Jar-Pfl 1]).
Proposition 1. Let G ⊂ Cn be an n-circled domain of holomorphy. Then the
following conditions are equivalent:
(i) G is fat (i.e. G = intG) and the space E(logG) is of rational type;
(ii) there exist A ⊂ Zn and (cα)α∈A ⊂ (0,+∞) such that
G = int
⋂
α∈A
{|zα| < cα};
(iii) G is an H∞(G)-domain of holomorphy.
Proposition 2. Let G  Cn be a fat n-circled domain of holomorphy. Then the
following conditions are equivalent:
(i) E(logG) = {0};
(ii) L2h(G) 6= {0};
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(iii) G is an L2h(G)-domain of holomorphy.
Define
Lp,kh (G) := {f ∈ O(G) : ∀|ν|≤k : ∂
νf ∈ Lp(G)}, p ∈ [1,+∞], k ∈ Z+,
where ∂ν := ∂
|ν|
∂z
ν1
1
...∂zνnn
, ν = (ν1, . . . , νn) ∈ (Z+)
n. Note that the space Lp,kh (G)
endowed with the norm ‖f‖Lp,k
h
(G) :=
∑
|ν|≤k ‖∂
νf‖Lp(G) is a Banach space. Put
Lph(G) := L
p,0
h (G) = O(G) ∩ L
p(G), H∞,k(G) := L∞,kh (G).
Note that L∞h (G) = H
∞,0(G) = H∞(G). Let
L⋄,kh (G) :=
⋂
p∈[1,+∞]
Lp,kh (G),
Ak(G) := {f ∈ O(G) : ∀|ν|≤k ∃fν∈C(G) : fν = ∂
νf in G}, k ∈ Z+,
A∞(G) :=
⋂
k∈Z+
Ak(G).
Remark. (a) If the volume of G is finite, then H∞,k(G) ⊂ L⋄,kh (G).
(b) If G is bounded, then Ak(G) ⊂ H∞,k(G).
The aim of this paper is to generalize Propositions 1, 2. The starting point of
these investigations was our trial to understand the general situation behind the
last example in § I.5 in [Sib]. We will prove the following results.
Proposition 3. Let G ⊂ Cn be an n-circled domain of holomorphy. Then the
following conditions are equivalent:
(i) G is fat and E(logG) = {0};
(ii) G is fat and there exists p ∈ [1,+∞) such that Lph(G) 6= {0};
(iii) G  Cn and for each k ∈ Z+ the domain G is an L
⋄,k
h (G)∩A
k(G)-domain of
holomorphy.
Observe that for each k ∈ Z+ the space Fk(G) := L
⋄,k
h (G) ∩ A
k(G) endowed
with the norms ‖ ‖Lp,k
h
(G), p ∈ [1,+∞], is a Fre´chet space. Consequently, condition
(iii) is equivalent to the following one.
(iii’) For each k ∈ Z+ there exists a function f ∈ L
⋄,k
h (G) ∩ A
k(G) such that G is
the domain of existence of f .
Note that Fk(G) is an algebra.
Corollary 4. Let G ⊂ Cn be a bounded fat n-circled domain of holomorphy. Then
G is an Ak(G)-domain of holomorphy (for any k ∈ Z+).
In the case where G = {|z1| < |z2| < 1} is the Hartogs triangle the above result
has been proved in [Sib].
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For ε = (ε1, . . . , εn) ∈ {0, 1}
n put
Vε := {(z1, . . . , zn) ∈ C
n : 1o : zj = 0 for all j such that εj = 1,
2o : zj 6= 0 for all j such that εj = 0},
Gε := {(λ
ε1
1 z1, . . . , λ
εn
n zn) : λ1, . . . , λn ∈ E, (z1, . . . , zn) ∈ G},
where E denotes the unit disc.
Proposition 5. Let G ⊂ Cn be an n-circled H∞(G)-domain of holomorphy. Then
the following conditions are equivalent:
(i) for any ε ∈ {0, 1}n if Vε ∩ ∂G 6= ∅, then Gε ⊂ G;
(ii) G is a S(G)-domain of holomorphy, where
S(G) := {f ∈ O(G) : sup
K∩G
|∂νf | < +∞
for any compact K ⊂ G and for any ν ∈ (Z+)
n};
(iii) G is an A∞(G)-domain of holomorphy;
(iv) G is an H∞(G) ∩O(G)-domain of holomorphy.
Corollary 6. Let G ⊂ Cn be a bounded fat n-circled domain of holomorphy. Then
G is an A∞(G)-domain of holomorphy iff G satisfies condition (i) of Proposition
5.
In the case where G is the Hartogs triangle the above result has been proved
(by different methods) in [Sib].
Proposition 7. Let G ⊂ Cn be an n-circled domain of holomorphy. Then the
following conditions are equivalent:
(i) G = D × Cn−m, where D is a fat m-circled domain of holomorphy with
E(logD) = {0} and 0 ≤ m ≤ n;
(ii) G is an H∞,1(G)-domain of holomorphy;
(iii) for any k ∈ Z+ the domain G is an H
∞,k(G)∩Ak(G)-domain of holomorphy.
Proof of Proposition 3
(iii) =⇒ (ii) follows from Proposition 1.
(ii) =⇒ (i). Let f =
∑
ν∈Zn aνz
ν ∈ Lph(G), f 6≡ 0. Then∫
G
|aνz
ν |pdΛ2n(z) = (2π)
n
∫
|G|
∣∣∣∣ 1(2πi)n
∫
|ζj |=rj
j=1,...,n
f(ζ)
ζν+1
dζ
∣∣∣∣
p
rpν+1dΛn(r)
≤ (2π)n(1−p)
∫
|G|
(∫
[0,2π]n
|f(reiθ)|dΛn(θ)
)p
r1dΛn(r)
≤
∫
|G|
∫
[0,2π]n
|f(reiθ)|pdΛn(θ) r
1dΛn(r)
=
∫
G
|f |pdΛ2n,
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where |G| := {(|z1|, . . . , |zn|) : (z1, . . . , zn) ∈ G} and Λn denotes Lebesgue measure
in Rn, 1 := (1, . . . , 1). Consequently, there exists ν0 ∈ Z
n such that zν0 ∈ Lph(G).
Suppose that F := E(logG) 6= {0}. Let k := dimF and let Y ⊂ F⊥ be a convex
domain such that logG = Y + F . We have:∫
G
|zν0 |pdΛ2n(z) = (2π)
n
∫
logG
e〈x,pν0+2〉dΛn(x)
=
∫
Y
e〈x
′,pν0+2〉dΛn−k(x
′)
∫
F
e〈x
′′,pν0+2〉dΛk(x
′′)
= +∞,
where 〈 , 〉 is the Euclidean scalar product in Rn, 2 := 2 · 1. We have got a
contradiction.
(i) =⇒ (iii). Fix k ∈ Z+ and put Fk(G) := L
⋄,k
h (G) ∩ A
k(G).
Suppose that there exist domains G0, G˜ ⊂ C
n such that ∅ 6= G0 ⊂ G ∩ G˜,
G˜ 6⊂ G, and for each f ∈ Fk(G) there exists f˜ ∈ O(G˜) with f˜ = f on G0.
Since G is fat, we may assume that G˜ 6⊂ G and that G˜ ∩ W0 = ∅, where
W0 := {(z1, . . . , zn) ∈ C
n : z1 · . . . · zn = 0}. We may also assume that 1 ∈ G˜ \G.
For, if (a1, . . . , an) ∈ G˜ \ G, then we replace G by F (G), where F (z1, . . . , zn) :=
(z1/a1, . . . , zn/an).
Since E(logG) = {0} and G is fat, there exist R-linearly independent vectors
αj = (αj,1, . . . , αj,n) ∈ Z
n, j = 1, . . . , n, such that
G ⊂ D := {z ∈ U : |zαj | < 1: j = 1, . . . , n},
where
U := {(z1, . . . , zn) ∈ C
n : if for some j, ℓ we have αj,ℓ < 0, then zℓ 6= 0}
(cf. [Jar-Pfl 1]). Define Φ: U −→ Cn, Φ(z) := (zα1 , . . . , zαn). Note that Φ is
holomorphic, D = Φ−1(En), and that Φ is biholomorphic in a neighbourhood
of 1. In particular, there exists a point b ∈ G˜ \ G such that rj := |b
αj | > 1,
j = 1, . . . , n.
Let γ : [0, 1] −→ G˜ be an arc with γ(0) ∈ G0, γ(1) = b. Put
D0 := {z ∈ U : |z
αj | < rj , j = 1, . . . , n}
and let t0 := sup{t > 0: γ([0, t)) ⊂ D0}. Put c := γ(t0). Then there exists
j0 ∈ {1, . . . , n} such that |c
αj0 | = rj0 . We may assume that j0 = n.
Put α := α1 + · · ·+ αn. For N ∈ N define
fN (z) :=
zNα
zαn − cαn
, z ∈ D0.
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Obviously fN ∈ O(D0). Note that γ([0, t0)) ⊂ G˜∩D0 and limt→t0− fN(γ(t)) =∞.
In particular, fN cannot be holomorphically continued to G˜.
Consequently, to get a contradiction it suffices to show that fN ∈ Fk(D) pro-
vided N ≫ 1.
For any σ ∈ (Z+)
n with |σ| ≤ k we get
∂σfN (z) = −
∞∑
µ=0
σ!
(
Nα+ µαn
σ
)
zNα+µαn−σ
dµ+1
, z ∈ D0,
where d := cαn (recall that |d| = rn > 1). One can easily show that∣∣∣∣σ!
(
Nα+ µαn
σ
)∣∣∣∣ ≤ (P +Qµ)R, µ ∈ Z+,
where P,Q,R ∈ N depend only on k, α1, . . . , αn, and N . Since the series
∞∑
µ=0
(P +Qµ)R
rµ+1n
is convergent, we only need to find N ∈ N such that for arbitrary |σ| ≤ k and
p ∈ [1,+∞] we get
zNα+µαn−σ ∈ Lph(D) ∩ C(D), ‖z
Nα+µαn−σ‖Lp(D) ≤ 1.
Observe that |zNα+µαn−σ| ≤ |zNα−σ| on D. Hence, it is enough to prove that
there exists N ∈ N such that for arbitrary |σ| ≤ k and p ∈ [1,+∞] we have
‖zNα−σ‖Lp(D) ≤ 1, lim
D∋z→z0
zNα−σ = 0, z0 ∈W0 ∩ ∂D.
Let A := [αj,ℓ]j,ℓ=1,...,n, B := A
−1, Tj(x) := (xB)j =
∑n
ℓ=1Bℓ,jxℓ, j = 1, . . . , n,
x = (x1, . . . , xn) ∈ R
n.
For p ∈ [1,+∞) and ν ∈ Zn we have∫
D
|zν|pdΛ2n(z) = (2π)
n
∫
logD
e〈x,pν+2〉dΛn(x)
= (2π)n
∫
{ξ<0}
e〈Bξ,pν+2〉| detB|dΛn(ξ)
=
(2π)n
| detA|T1(pν + 2) · . . . · Tn(pν + 2)
provided that Tj(pν + 2) > 0, j = 1 . . . , n. In particular, if
Tj(ν) ≥
1
p
(
2π
| detA|1/n
− Tj(2)
)
, j = 1, . . . , n,
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then ‖zν‖Lp(D) ≤ 1. Hence, if ν = Nα− σ and if
N ≥ N0 := max{Tj(σ) +
1
p
(
2π
| detA|1/n
− Tj(2)
)
:
j = 1, . . . , n, σ ∈ (Z+)
n, |σ| ≤ k + 1, p ∈ [1,+∞)},
then ‖zNα−σ‖Lp(D) ≤ 1 for arbitrary p ∈ [1,+∞) and |σ| ≤ k.
Moreover,N0 ≥ Tj(σ), j = 1, . . . , n, and therefore Nα−σ ∈ R+α1+· · ·+R+αn,
which shows that ‖zNα−σ‖H∞(D) ≤ 1 for arbitrary |σ| ≤ k.
Finally, let z0 = (z0,1, . . . , z0,n) ∈ W0 ∩ ∂D. Assume that z0,ℓ0 = 0. Let
(e1, . . . , en) denotes the canonical basis of R
n. Let |σ| ≤ k. Since N0 ≥ Tj(σ+eℓ0),
j = 1, . . . , n, we get Nα − σ − eℓ0 ∈ R+α1 + · · · + R+αn. This shows that
|zNα−σ| ≤ |zℓ0 | in D and therefore limD∋z→z0 z
Nα−σ = 0. 
Proof of Proposition 5
The implications (iv) =⇒ (iii) =⇒ (ii) are trivial.
(ii) =⇒ (i). Suppose that Vε ∩ ∂G 6= ∅ for an ε ∈ {0, 1}
n, ε 6= (0, . . . , 0). We
may assume that ε1 = . . . εs = 1, εs+1 = · · · = εn = 0 for some 1 ≤ s ≤ n. We
will show that each function
f =
∑
ν∈Zn
aν(f)z
ν ∈ S(G)
extends holomorphically to Gε. Consequently, since G is an S(G)-domain of holo-
morphy, we will get Gε ⊂ G.
Fix an f ∈ S(G). It suffices to show that aµ(f) = 0 for all µ = (µ1, . . . , µn) ∈ Z
n
such that µj < 0 for some j ∈ {1, . . . , s}. We may assume that µ1 ≥ 0, . . . µt ≥ 0,
µt+1 < 0, . . . , µs < 0, where 0 ≤ t ≤ s − 1. Define σ := (µ1, . . . , µt, 0, . . . , 0) ∈
(Z+)
n. Let r0 = (r0,1, . . . , r0,n) ∈ Vε ∩ ∂G ∩ (R+)
n and let
U := {(r1, . . . , rn) ∈ G : |rj − r0,j | < 1, rj > 0, j = 1, . . . , n},
K := {(eiθ1r1, . . . , e
iθnrn) : (r1, . . . , rn) ∈ U, (θ1, . . . , θn) ∈ R
n},
M := sup
K∩G
|∂σf |.
Since
∂σf(z) =
∑
ν∈Zn
σ!
(
ν
σ
)
aν(f)z
ν−σ,
the Cauchy inequalities give:
σ!|aµ(f)| ≤
M
rµ−σ
=
M
r
µt+1
t+1 · . . . · r
µn
n
, r = (r1, . . . , rn) ∈ U.
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Now, letting U ∋ r −→ r0, we conclude that aµ(f) = 0.
(i) =⇒ (iii). We know that G is of the form
G = int
⋂
α∈A
{|zα| < cα} (1)
with A ⊂ Zn and zα ∈ H∞(G), α ∈ A (cf. Proposition 1). We will prove that
zα ∈ O(G) for arbitrary α ∈ A.
Fix an α = (α1, . . . , αn) ∈ A. We may assume that α1 < 0, . . . , αs < 0, αs+1 ≥
0, . . . αn ≥ 0 for some 1 ≤ s ≤ n. We have to prove that ∂G∩{z1 · . . . ·zs = 0} = ∅.
Suppose that ∂G∩ {z1 · . . . · zs = 0} 6= ∅. Then we may assume that ∂G∩ Vε 6= ∅
for some ε ∈ {0, 1}n with ε1 = 1. By (iii) Gε ⊂ G. In particular,
|λα1 ||zα| < cα, λ ∈ E, z ∈ G;
contradiction.
Now, suppose that there exist domains G0, G˜ ⊂ C
n such that ∅ 6= G0 ⊂ G∩ G˜,
G˜ 6⊂ G, and for each f ∈ H∞(G)∩O(G) there exists f˜ ∈ O(G˜) with f˜ = f on G0.
Since G is fat, we may assume that G˜ ∩ {z1 · . . . · zn = 0} = ∅.
First observe that ‖f˜‖G˜ ≤ ‖f‖G. For, suppose that |f˜(a)| > ‖f‖G for some
f ∈ H∞(G) ∩ O(G) and a ∈ G˜. Then the function g := 1/(f − f˜(a)) belongs to
H∞(G) ∩O(G) and cannot be holomorphically continued to G˜; contradiction.
Consequently, |zα| < cα on G˜ for any α ∈ A. Hence, by (1), G˜ ⊂ G; contradic-
tion. 
Proof of Proposition 7
(i) =⇒ (iii) follows from Proposition 3. (iii) =⇒ (ii) is trivial.
(ii) =⇒ (i). Let F := E(logG), m := dimF . The cases m = 0 and m = n are
trivial. Assume 1 ≤ m ≤ n− 1. One can easily prove (cf. [Jar-Pfl 1]) that for any
f ∈ H∞(G) the Laurent series of f has the form∑
ν∈F⊥∩Zn
aν(f)z
ν , z ∈ G. (2)
Now, suppose that f ∈ H∞,1(G). By the above remark (applied to f and ∂f/∂zj
simultaneously) we see that if ν = (ν1, . . . , νn) ∈ Z
n is such that νj 6= 0 and
aν(f) 6= 0, then ν, ν − ej ∈ F
⊥, and, consequently, ej ∈ F
⊥ ((e1, . . . , en) de-
notes the canonical basis in Rn). Since dimF⊥ = n − m, we may assume that
es+1, . . . , en /∈ F
⊥ for some 0 ≤ s ≤ n−m. Thus, the series (2) is independent of
the variables zs+1, . . . , zn and, therefore, it is convergent in the domain D×C
n−s,
whereD denotes the projection ofG on Cs. Since G is anH∞,1(G)-domain of holo-
morphy, G = D × Cn−s and D is an H∞,1(D)-domain of holomorphy. Moreover,
E(logG) = E(logD)× Rn−s. Hence n− s = m and E(logD) = {0}. 
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In [Sic 1,2] J. Siciak characterized those balanced domains of holomorphy G ⊂
Cn, which are H∞(G)- (resp. H∞(G) ∩ A∞(G)-) domains of holomorphy. More-
over, it is known that any bounded balanced domain of holomorphy G ⊂ Cn is an
L2h(G)-domain of holomorphy (cf. [Jar-Pfl 2]). A general discussion for balanced
domains of holomorphy (like the one for n-circled domains) is still unknown.
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